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ABSTRACT: Several finite element (FE) simulations were investigated using a recently developed mixed 
type element: the BWD3D. The main formulation of the element is largely described, with particular focus on 
the shear locking treatment. The formulation of the former BLZ3D element is also presented for comparison. 
The examples investigated in the present study were beam bending, large strain torsion, incremental forming 
and deep drawing .The numerical results obtained with both elements were compared to experiments.  
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1 INTRODUCTION 
An accurate description of the material’s behaviour 
is required to obtain valuable FE predictions in 
forming processes. From a numerical point of view, 
a key point is therefore the yield locus defining the 
plastic behaviour of the material. The initial yield 
locus as well as its evolution during plastic 
deformation must be captured accurately by the 
constitutive law. 
Beside material’s model, it appeared that FE 
formulation has also a large influence on the 
accuracy of the simulation results. A new FE, named 
BWD3D, has recently been implemented in the self-
made FE code LAGAMINE (developed at M&S 
department since 1984). In this element name, ‘B’ 
stands for Belytschko [1] ; ‘W’ stands for Wang and 
Wagoner [2]; ‘D’ for Duchêne and de Montleau and, 
finally, ‘3D’ for 3 dimensions. This element is based 
on the non-linear three-field (stress, strain and 
displacement) HU-WASHIZU variational principle 
[1]. 
Next section is devoted to the description of the 
BWD3D; the shear locking treatment is mainly 
focused on. Then, the performance of this element is 
assessed through beam bending, large strain torsion, 
incremental forming and deep drawing simulations. 
To allow comparison, a former version of 
LAGAMINE element, called BLZ3D [3], was also 
tested. 
2 BWD3D FORMULATION 
A first feature of the BWD3D element is a new 
shear locking treatment based on the Wang-
Wagoner method [2]. This method identifies the 
hourglass modes responsible of the shear locking 
and removes them. The second feature of this new 
element is the use of a corotational reference system, 
required for the identification of the hourglass 
modes.  
The eight interpolation functions for eight-node 
solid element are: 
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with , , 1i i iξ η ζ = ±  and where ξ, η and ζ are the 
intrinsic coordinates of the element. Rewriting these 
interpolation functions in matrix form: N[24×3], 
interpolation of the velocity field can be obtained: 























U [24×1] is a vector of the nodal velocities and u [3×1] 
is the interpolated velocity field. Derivation of 
equation (2) yields to the interpolation of the 
velocity gradient (expressed in vector form: L[9×1]). 
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where the velocity gradient interpolation matrix 
B[9×24] can be expressed in terms of the intrinsic 
coordinates: 
0B B B B B B B Bξ η ζ ξη ξζ ηζξ η ζ ξη ξζ ηζ= + + + + + +  (4) 
with sub-matrices B0[9×24] and Bα[9×24] (α=ξ, η, ζ, 
ξη, ξζ, ηζ) having the form of equation (5), where 
bi[8×1] (i=x,y,z) are vectors constructed from the 
nodal coordinates, while biα [8×1] vectors are function 




























































































The BWD3D element is defined with only one 
integration point (IP). So, evaluation of the velocity 
gradient at the IP induces that the interpolation 
matrix B reduces to B0, because the IP is located at 
the centre of the element (ξ=η=ζ=0). This 
consideration yields to the existence of twelve non-
zero deformation modes U  corresponding to a 
velocity gradient L equal to zero at the IP. These are 
the so-called hourglass modes: 6 bending modes, 3 
torsion modes and 3 warp (non-physical) modes (see 
figure 1). 
Stress computed at the IP corresponding to hourglass 
modes is zero (because L=0). Without particular 
care, the deformation energy associated to hourglass 
modes would be zero. No stiffness of the element 
with respect to hourglass deformation modes would 
derive.  
Gratefully, an estimation of the stress field inside the 
element can be obtained using the tangent stiffness 
matrix C[9×9] as shown by equation (6), where σ [9×1] 
is the stress field expressed in vector form, 0σ  is the 
stress at IP and ξσ , ησ , ζσ , ξησ , ξζσ , ηζσ  are the 
six so-called hourglass stresses. Note that, according 
to the FE time integration, the derivative of the 
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With this stress field and the velocity gradient inside 
the element (equation (3)), a non-zero deformation 
energy can be attributed to hourglass modes. 
However, it is generally admitted that the energy 
computed thanks to the hourglass stresses is too 
high, depending on the deformation mode applied to 
the element. Consequently, the element is sometimes 
too stiff. This problem is known as locking 
phenomenon. A simple method, used in the BLZ3D 
element, to avoid locking is to replace B matrix by 
B [9×24] matrix: 
0B B B B B B B Bξ η ζ ξη ξζ ηζξ η ζ ξη ξζ ηζ= + + + + + +  (7) 
Where B0 is identical as in equation (4), while the 
Bα [9×24] matrices have the form of equation (8), 
where e1, e2 and e3 are parameters used to avoid 
volumetric locking, i.e. locking problem occurring 
during volumetric deformation. Parameter β is 
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The volumetric locking can be completely 
eliminated by choosing e1=2/3 and e2=e3=-1/3. 
Unfortunately, the shear locking cannot be treated as 
simply. The value of β (∈[0,1]) should be adapted to 
the deformation mode applied to the element: a 
value near 0 is recommended for bending dominated 
problems to avoid shear locking while a value 
around 1 should be used during shearing of the 
element to avoid hourglass modes without 
deformation energy. 
The main drawbacks of the shear locking method 
proposed by equations (7) and (8) are the 
dependence of the optimum β-value on the 
deformation undergone by the element. To facilitate 
the determination of β, some authors propose to 
approximate the deformation mode dependence by a 
dependence on the element shape [4]. A second 
drawback is the non-objectivity of the B  matrix, i.e. 
dependence of the element behaviour on the global 
reference axes. This second drawback can hardly be 
avoided. 
These considerations led us to the development of a 
new locking treatment method: the Wang-Wagoner 
method [2], implemented in the BWD3D element. 
To do so, equations (3) and (4) are adapted in order 
to express the velocity gradient in term of hourglass 
modes: 
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In equation (9), the first term bj[8×1] corresponds to 
uniform shear (if i≠j) or uniform tension (if i=j), 
while γ1[8×1], γ2[8×1], γ3[8×1], γ4[8×1] are linked to four 
hourglass modes: two bending modes, one torsion 
mode and one warp mode (the twelve hourglass 
modes are recovered for i=1,2,3). 
According to [2], locking problems can be avoided 
by eliminating adequate hourglass modes. For shear 
locking, the uniform shear and the hourglass torsion 
modes must be kept while the two bending and the 
warp modes are identified to be at the origin of shear 
locking; therefore, they should be eliminated. 
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To prevent volumetric locking, equation (9) 
becomes equation (11) in order to eliminate the 
dilatational strain caused by torsion, bending and 
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In order to be able to identify the hourglass modes 
(which is a crucial point of the method), equation (9) 
must be expressed in a corotational reference system 
[1], closely linked to the element coordinates. This 
reference system must have its origin at element 
centre and its reference axes are aligned (as much as 
possible, depending on the element shape) with 
element edges. A grateful consequence of this 
corotational reference system is a simple and 
accurate treatment of the hourglass stress objectivity, 
by using initial and final time step rotation matrices. 
The shear and volumetric locking method proposed 
by equations (10) and (11) associated with the 
corotational reference system has been successfully 
implemented in the BWD3D element of 
LAGAMINE FE code. The Wang-Wagoner method, 
contrarily to the method using a β parameter 
(equation (8)), has deep physical roots, which makes 
it very efficient for various FE analyses. 
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3 APPLICATIONS 
In this section, the superiority of the BWD3D 
element compared with elements having a shear 
locking treatment using a β parameter (BLZ3D 
element) is shown through one small-scale academic 
problem and three actual deformation processes. 
3.1 Beam bending 
An elastic cantilever beam was subjected to an end 
shear force (see figure 2). This linear deformation 
mode was modelled with three elements in the 
thickness. Five different element aspect ratios were 
tested and the relative errors with analytical 
solutions are shown in table 1 for BWD3D and 
BLZ3D elements. 
The errors for the BWD3D element were in the 
ange 3.7% to 3.9%, i.e. a very low dependence on 
the element aspect ratio. The results obtained with 
the BLZ3D element were more accurate but an 
appropriate β value must be chosen (see table 1). 
r
 
Table1. Relative error on tip deflection for beam bending 
Aspect ratio 1 2 4 6 8 
  
BLZ3D 3.6 % 3.05 % 1.01 % 0.34 % 0 % 
β 0.2 0.2 0.196 0.147 0.1162 
BWD3D 3.9 % 3.87 % 3.82 % 3.74 % 3.78 % 
  
 
Fig. 2. Schematic of cantilever beam bending 
3.2 Large strain torsion 
The free-end torsion of copper bars was simulated 
with the BWD3D and the BLZ3D elements. The 
material’s behaviour was modelled with a micro-
macro constitutive law taking into account texture 
evolution [5]. Further details about experimental 
procedure can be found in [6] while the numerical 
simulations are described in [7]. 
The axial lengthening of the cylinder, i.e. the so-
called Swift effect, is plotted as a function of the 
shear strain in figure 3. According to figure 3, it 
appears that the results obtained with the BLZ3D 
element are satisfactory, compared to experimental 
results, for shear strain up to around 0.3, while the 





















Fig. 3. Axial strain versus shear strain during free-end torsion 
(experimental results from [6]) 
3.3 Incremental forming 
Sheet metal forming process was analysed through 
incremental forming of one cone with a 
hemispherical tool. The tool displacement during the 
process, corresponding to successive circular paths 
at increasing depth, is represented in figure 4. More 
details about the process can be found in [8]. 
 
 






Fig. 5. Metal sheet profile during incremental forming with 
BLZ3D elements (a) and BWD3D elements (b) 
At the beginning of the simulation, both element 
types behaved correctly. But, progressively, the 
metal sheet profile predicted using BLZ3D elements 
became completely inaccurate compared to 
experimental observations (figure 5). On the other 
hand, the sheet profile predicted by BWD3D 
elements remained correct during the whole process. 
3.4 Deep drawing 
In the BLZ3D formulation (equation (8)), the non-
objectivity of hourglass stresses influences 
inappropriately the earing profile prediction during 
deep drawing simulations. Contrarily, very accurate 
earing profile predictions were obtained with the 
BWD3D element (see [9]). 
4 CONCLUSIONS 
The four numerical simulations presented in this 
paper prove the superiority of the recently developed 
BWD3D element compared to its former version: 
the BLZ3D element. 
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